We investigate the feasibility of harvesting energy using Polyvinylidene Fluoride (PVDF) patches mounted on a vibrating prestressed membrane, itself attached to a tensegrity structure. Kinematics of the tensegrity structure and the attached membrane is described and conditions for stable equilibrium for the structure are derived. Nonlinear partial differential equations describing the dynamics of the membrane, attached to the tensegrity structure, and under the action of a time dependent transverse pressure are derived using the principle of virtual work. These equations are linearized and the modes of the structure are obtained using the finite element method. These modes are used as basis functions in developing a reducedorder model to obtain the response of the complete structure under the applied transverse dynamic pressure. The PVDF patch on the structure is connected to an electrical load resistance. The electrical current passing through the load resistance is calculated using Gauss's law. From this, the amount of energy available for harvesting is estimated. Next, a genetic algorithm based optimization is performed to find the PVDF patch locations, rest length of the tendons and the rest dimensions of the membrane which maximize the amount of energy that can be harvested.
Nomenclature

L i
= length of the ith bar of the tensegrity structure L b = length of each side of the square formed by the bottom joints of the tensegrity structure α i , β i = angles defining the orientation of the ith bar of the tensegrity structure θ i , i φ = angular displacements defining the relative motion of the ith bar of the tensegrity structure u = displacement along X v = displacement along Y w = displacement along Z E m = modulus of elasticity of the membrane ν m = Poisson's ratio of the membrane E p = modulus of elasticity of the PVDF ν p = Poisson's ratio of the PVDF e 31 , e 32 = coupling coefficients of the PVDF χ 33 = dielectric constant of the PVDF E z = electric field along Z r p = resistivity of the PVDF R p = internal resistance of the PVDF along Z R l = load resistance connected to the PVDF I = electric current through the load resistance
I. Introduction
The power requirements of small electronic devices have recently been reduced to significantly low levels 1 . This has motivated researchers to investigate the feasibility of harvesting the required energy from the environment these devices operate in. One such example is the idea to harvest energy from vibrating structures and use it to meet the low power requirement of the wireless sensor network which monitors the structural health. A review of harvesting energy from vibration sources for use in low power wireless sensor networks has been presented in Ref.
2. One of the most explored methods to harvest energy from a vibrating structure has been by using piezoelectric materials for converting mechanical energy to electrical energy. Such materials show substantial coupling between their electrical and mechanical responses 3, 4 , so a portion of the mechanical energy of a vibrating structure can be harvested as electrical energy using these materials. Consequently, understanding the behavior of a structure with mounted piezoelectric transducers (i.e. patches), estimation of the harvested energy, and optimization of various parameters related to both the host structure and the transducers have been among the major research areas 5 . One of the pioneering works in energy harvesting was performed by Umeda, Nakamura and Ueha 6 . They proposed the use of piezoelectric actuators to convert the mechanical impact energy into electrical energy. They clarified the relation between the impact energy and the output electrical energy through an example of a piezoelectric vibrator impacted by a steel ball. To analyze the transformation efficiency, an equivalent electrical model was developed. Later, Goldfarb and Jones 7 analyzed the efficiency of a piezoelectric stack for the purpose of electrical power generation. The efficiency was presented as a function of the force input frequency and resistive load. A linearized model was used for this purpose and their study showed that the maximum efficiency occurs in a low frequency region, several orders of magnitude below the structural resonance of the stack. They also analyzed the relationship between the energy transfer and the amplitude of the force input, showing that greater efficiencies can be achieved with maximum input forces. Elvin, Elvin and Spector 8 performed a theoretical and experimental analysis of a self-powered strain energy sensor. First, they illustrated the theoretical basis of converting mechanical energy to electrical energy, then they validated the theory with a beam bending experiment. Lesieutre et al. 9 estimated the damping effect caused by the removal of energy from the structure. Using an analytical method they predicted the damping loss factor to be 2.3% in the fundamental mode of vibration of a cantilever beam. Through an experimental study, this loss factor was found to be 2.2%. Erturk 10 presented a framework for the electromechanical modeling of base excited piezoelectric energy harvesters with symmetric and unsymmetric aminates using the assumed modes method.
Roundy and Wright 11 discussed the modeling, design and optimization of a piezoelectric generator based on a two-layer bending element. They developed an analytical model of the generator and validated it. Some of their important conclusions regarding the design of the generator were: 1) the system should be designed to resonate at the dominant driving frequency of the target vibrations, 2) power output is inversely related to the driving and resonance frequency, and 3) the energy removed by the electrical load acts like damping on the mechanical system. Similar research on harvesting energy from cantilever structures using piezoelectric materials can be found in Refs. 12, 13, 14, 15 , with detailed experimental studies of a macroscale cantilever beam with piezoelectric patches reported in Ref. 15 . Research on investigating the use of two dimensional structures for harvesting energy can be found in Refs. 17, 18, 19 . Ericka et al. 17 studied the feasibility of harvesting energy from a uniform piezoelectric membrane transducer in a dynamic environment. They developed an analytical model of the generator and proposed an equivalent electromechanical circuit. The results obtained from the model were validated experimentally. Kim 19 modeled a clamped circular unimorph piezoelectric plate and studied the effect of geometric design and electrode configuration on the amount of energy that can be harvested. Through theoretical calculations, they showed that a change in stress polarity in a loaded structure can be utilized to enhance or optimize energy harvesting by properly poling segments of the piezoelectric material. These findings were validated by an experimental study. Shu and Lien 20 estimated the optimal AC-DC power generation for a rectified piezoelectric device and provided an effective power normalization scheme to compare the relative performance and efficiency such devices. Finally they suggested several design guidelines for large coupling coefficients and quality factor.
In most of the studies mentioned above linear models are used for theoretical investigations and the key idea is that for maximum transformation efficiency, the frequency of the external excitation force has to match closely with one natural frequency. However the realistic vibrations in nature have more of a stochastic nature, and generally occur at multiple frequencies. Therefore, a large number of researchers are interested in harvesting energy from nonlinear systems which are capable of responding over a broad frequency range 21 . Motivated by this fact, Mann and Sims 22 investigated the design and analysis of a novel energy harvesting device that uses magnetic levitation to produce an oscillator of tunable resonance. Shahruz 22 proposed a nonlinear energy harvesting system consisting of a cantilever beam with a piezoelectric film and magnetic proof mass mounted in the vicinity of a magnet. The presence of the magnetic proof mass in the vicinity of the magnet makes the elastic response of the beam highly nonlinear and causes the beam to behave as a soft spring, resulting in large amplitude vibrations. Cottone, Vocca, and Gammaitoni 23 showed that a bistable nonlinear system can outperform a linear system in the presence of a wide spectrum vibration if some bias parameter is optimized. Later on Gammaitoni, Neri, and Vocca 24 showed that such an advantage can be extended to monostable nonlinear systems as well, provided some care is taken in selecting the proper nonlinear dynamical properties.
The aim of our research is to investigate the feasibility of harvesting energy from nonlinear vibrations of a prestressed membrane attached to a tensegrity structure. Tensegrity structures are three dimensional structures composed of rigid bars and elastic tendons carrying tension. An overview of the history, advantages, and difficulties associated with these structures can be found in Sultan 25 . Since the rigid members of tensegrity structures are either disjoint, or connected with ball joints, large displacement, deployability and stowage in a compact volume will be immediate virtues of tensegrity structures. Skelton and Sultan 26 introduced the concept of controllable tensegrity as a new class of smart structures capable of large displacement. These structures ideally match the definition of smart structures because they represent a special class of tendon space structures, whose members may simultaneously perform functions like sensing, actuating and feedback control. For recent reviews of static and dynamic analysis of these structures see Refs. 27, 28.
They key idea for this research is that membranes attached to tensegrity structures can easily exhibit large amplitude vibrations because, under appropriate prestress conditions, membranes and tensegrity structures are very flexible elements. Since the energy carried by these vibrations is related to their amplitude, large amplitude vibrations will lead to large amounts of mechanical energy that can be harvested from them via piezoelectric transducers attached to the membrane. Therefore, of major interest to this research are tensegrity's amazing flexibility and multifunctionality. Moreover, by varying the rest dimensions of the tendons and the membrane, the dynamic properties of the structure can be manipulated to maximize the harvested energy.
Although there have been significant studies on the analysis and control of tensegrity structures, analysis of such structures having a membrane with piezoelectric patch attached has not been done yet. In this article, we consider a tensegrity structure with four rigid bars, four tendons and a prestressed membrane attached to the four top joints. Our first aim is to develop an analysis framework to estimate the amount of energy available for harvesting from the vibration of the membrane. Then we focus on optimizing different structural parameters to maximize the amount of harvestable energy. To achieve these goals, we perform static analysis of the structure to find a stable equilibrium configuration. After that we derive the nonlinear governing partial differential equations of the tensegrity structure with an attached membrane having a polyvinylidene fluoride (PVDF) patch attached to it. Next, we linearize the nonlinear partial differential equations to formulate an eigenvalue problem and by solving the eigenvalue problem we find the modes of vibration. By applying the Galerkin technique using the modes as the basis functions, we convert the nonlinear partial differential equations governing the motion of the structure into a set of coupled nonlinear ordinary differential equations. Then, by solving the set of coupled nonlinear ordinary differential equations, we obtain the dynamic response of the structure to the externally applied transverse dynamic pressure and estimate the amount of electric current that can be obtained. Next, we perform a genetic algorithm based optimization to find different parameters like patch locations, the rest dimensions of the membrane, rest length of the tendons which maximize the amount of electrical energy available for harvesting.
I.
Description of the Structure Figure 1 shows the tensegrity structure under consideration with all of its components. It has four tendons, which because of their approximately vertical orientation will be refered to as "vertical" tendons, four rigid bars which are attached to a fixed rigid base via four spherical joints (b 1 , b 2 , b 3 , b 4 in Fig. 2 ) and to a flexible membrane via four joints (t 1 , t 2 , t 3 , t 4 in Fig. 2) . A PVDF transducer is attached to the membrane at the indicated location and an electrical load resistance R l is connected to the PVDF.
For mathematical modeling the following assumptions are made:
• The bars are rigid.
• The tendons are massless and linearly elastic.
• The membrane has uniformly distributed mass (except at the location of the patch).
• The membrane is linearly elastic.
• External forces and force fields are neglected except for the transversely applied pressure used to induce vibrations of the structure.
• All the joints are frictionless.
The structure is initially in static equilibrium, so the vertical tendons and the membrane are in a prestressed condition. The structure is then acted upon by a time varying, uniformly distributed transverse dynamic pressure applied to the membrane. Due to this external action the entire structure begins to vibrate and the electrical current generated at the location of the PVDF transducer can be directly harvested. We select four local coordinate systems ˆˆî
.,4) as depicted in Fig. 3 and another global coordinate system XYZ originating at t 1 , whose axes are parallel to 2 2 2ˆ, , X Y Z , respectively. All coordinate systems used in this article are right handed. The ith bar makes an angle α i with ˆi Y and β i with ˆi Z . Then, with respect to the local coordinate system, the coordinate of the top joint t i can be expressed as:
Let the values of α i and β i in the equilibrium configuration be denoted by α 0i and β i0 . When an external load acts on the structure, the structure deforms and the values of α i0 and β i0 change. This results in displacement of t i . Changes in the values of α i0 and β i0 are denoted by θ i and i φ respectively. Displacements of t i along the axes ˆˆ, , 
A simple analysis of the orientation of the different coordinate systems, reveals the fact that the angle between the coordinate system XYZ and the local coordinate system ˆˆ, , 
II. Strain Displacement Relationship and Constitutive Relations for the Membrane
Under the assumption of large displacement with large rotation, the total Lagrangian formulation for the membrane with the Green-Lagrangian strain and the 2 nd Piola Kirchoff stress 29 was used. In this formulation, the Green-Lagrangian strain components of the membrane are given by:
, 
Here σ mxx and σ myy are the longitudinal stresses along the X and Y directions and τ mxy is the shear stress in the XY plane in the membrane. Note that suffix m is used to denote the membrane. 
Suffix p is used to denote the PVDF material, D z and E z are the electrical displacement and electric field along Z, e 31 , e 32 , and χ 33 are piezoelectric constants. Note that because the membrane material does not have a piezoelectric constant and electrical displacement, suffix p is not used for these quantities.
In the presence of prestress, the total stress will be obtained by adding the prestress components to the stress components obtained using Eqs. 15 and 16. Values of different parameters considered in this study are given in Table 1 . 
III. Stable Prestressed Equilibrium Configuration
In this section, we develop and illustrate numerically a process to find a stable prestressed equilibrium configuration of the structure. The starting point of the process development is the known fact that, for the structure to be in stable equilibrium, its total potential energy has to attain a local minimum value. The strain energy of the structure can be written as:
where U t is the strain energy of the tendons and U m is the strain energy of the membrane. Further, the strain energy of the i-th tendon can be written as:
The longitudinal strain in the ith vertical tendon can be written as:
where L vi is the length of the i-th vertical tendon which can be expressed in terms of i α and i β as:
sin cos sin sin cos
Using Eqs. 18-19, the total strain energy in all the four tendons can be written as:
For the membrane a finite element formulation is used to represent its nonlinear mechanical behavior. In Fig. 4 , the membrane in unstretched condition is shown by solid lines (ABCD) and the membrane in the stretched condition in the equilibrium configuration is shown by dotted lines (B, C, D become t 2 , t 3 , t 4 respectively). In the equilibrium configuration these three corners of the membrane are pulled by amounts Δ xi , Δ yi, and Δ xi (i=2, 3, 4) with respect to the original, unstreched condition along X, Y, and Z where Δx i , Δy i , and Δz i (i=2,3,4) are given by the following equations. In Fig. 4 , the domain of the membrane Ω A before prestressing is shown as the square, ABCD. The domain Ω AP , a subset of Ω A, contains the PVDF patch. The deformed shape of the membrane after prestressing is shown by the dotted lines. The vertices t 1, t 2 , t 3 , and t 4 are the four top joints of the tensegrity structure. We consider a local coordinate system XYZ with origin at A and axes parallel to the ones of the global XYZ coordinate system and define the displacement components along the X, Y and Z as u, v and w respectively. The PVDF patch is centered at the location (0.3, 0.09) m in the membrane.
The principle of virtual work applied to this system leads to the following equation: 
From Eq. 30, we get the following system of coupled nonlinear partial differential equations: We also note here that the electrodes covering the opposite sides of the PVDF patch are assumed to be conductive 3 , so the electric field E z in the PVDF can be assumed to be constant throughout the PVDF patch. The system of equations given by Eqs. 31 to 34 with the boundary conditions given above was solved using the finite element method. For this purpose we used elements with 4 nodes, each node having three degrees of freedom u, v, and w as shown in Fig. 5 , where a generic element, e, is depicted. Each element has four Gauss integration points g i (i=1,..,4) and we considered a local coordinate system X e Y e originating at node 1 of element e. The domain of the element e is denoted as Ω e . 
Here, 
,.., , ,.., , ,.., , , 
,.., , ,.., , ,.., , , Combining all the equations using the nodal connectivity of the elements, applying the boundary conditions, and also the condition that the value of E z is the same throughout the PVDF patch, we get a set of 3N n +1 coupled nonlinear equations, where N n is the total number of nodes. Solving these equations, we get the values of u,v, and w at all the nodes and E z . After that, using Eqs. 35-37 and Eqs. 14-16 we get the values of strains and stresses at the Gauss integration points of all the elements. Then, using the Gauss quadrature integration formula 31 , the following integral was evaluated to obtain the strain energy of each element: 
The total strain energy of the membrane was calculated as: 
where n e is the number of elements used. The electrical energy stored in the PVDF patch was calculated as:
where A ΩAp is the area of Ω Ap.
In the prestressed configuration, the structure has no externally applied load. So, by neglecting the gravitational field, the total potential energy of the structure can be written as:
From the previous discussion, it is clear that the value of V depends on eight independent variables α i and β i (i=1,..,4). For the structure to be in equilibrium, the value of V has to be minimum with respect to the variables α i and β i (i=1,..,4).This leads to an optimization problem, where the objective function is V and the design variables are α i and β i (i=1,..,4). We solved this optimization problem using the genetic algorithm toolbox in MATLAB. For this purpose we first solved the easier problem in which only the homogeneous membrane is used (i.e. the PVDF patch was removed). For this easier problem we were able to select structure parameters (e.g. tendon rest-length, membrane rest dimensions, and rigid bar length) such that the equilibrium values for the angles α i and β i (i=1,..,4) were 45 deg. This solution was used as the initial guess in the optimization problem for the structure with the heterogeneous membrane (i.e. the PVDF patch was added back to the membrane). The resulting equilibrium configuration did not change much, i.e. the equilibrium values of α i and β i (i=1,..,4) were found to be approximately equal to 45 deg. This is expected because the dimensions of the PVDF are small compared to the membrane dimensions and addition of the PVDF patch does not significantly modify the strain energy (i.e. the energy stored by the small patch in the prestressed configuration in comparison to that stored by the tendons and membrane is quite low).
Figures 6-8 show the distribution of the stresses σ xx, σ yy and τ xy in the stable equilibrium configuration. These stresses will be used as the prestress in the membrane when we derive the equations of motion of the membrane under the action of a dynamic pressure. So, we denote these stresses as 
) over the membrane when the tensegrity structure is in static equilibrium
We remark that all of the above calculations were implemented in MATLAB. In order to verify our MATLAB based finite element routine, Table 2 shows the comparison of the values of u and v obtained using our finite element routine and ABAQUS at different points in the membrane. From Table 2 it is apparent that results obtained using our finite element routine and those obtained from ABAQUS are in good agreement. 
IV. Governing Equations of Motion of the Tensegrity Structure with Membrane Under Dynamic Load
Our next step is to derive the governing equations of motion of the prestressed membrane with the PVDF patch attached to the tensegrity structure under a transverse dynamic pressure on the membrane. Figure 9 shows the prestressed membrane with the PVDF patch attached to it. Here Ω is the entire domain of the membrane and Ω p is a subdomain of Ω which contains the PVDF patch attached to the membrane.
Fig. 9: The prestressed membrane with PVDF patch
As in the previous equilibrium study (Section III), we use the coordinate system XYZ originating at t 1 to define displacements, strains, stresses and electric field. To derive the dynamic equations, we use the principle of virtual work given as: 
Hence, the incremental strain from the stable equilibrium configuration to a deformed configuration is:
Correspondingly, the longitudinal stress in the ith vertical tendon is given by
where σ vi Pr is the amount of prestress that the tendons carry in the previously determined stable equilibrium configuration (see Section III). From the virtual work principle (Eq. 42), the coupled nonlinear partial differential equations governing the motion of the structure were obtained as: ς is a variable that has a value 1 in the domain of the PVDF and has a value zero elsewhere.
In addition, we also need to consider the effect of the load resistance connected to the PVDF patch. Figure 10 shows the sectional view of Ω P . For electrical current calculation we need to compute the equivalent electrical resistance of the system. The electrical resistance along the thickness of the PVDF patch is
where A p and L p are the cross sectional area and length across the thickness of the PVDF patch. Considering the resistance of the PVDF patch and load resistance to be in parallel, the equivalent electrical resistance is:
Since the circuit admittance across the electrode is 1/R, using Gauss's law 3 the electric current can be written as:
where v(t) is the potential difference across the thickness of the patch. Furthermore, using the relation v(t)=h p E z (t) and the constitutive relation, Eq. 50 becomes:
Equations 46, 47, 48, 49, and 51 are the ones governing the dynamics of the structure with the load resistance R connected to it. Note that the motions of the four corners of the membrane, i.e. at the four top joints, are constrained due to the rotation of the rigid bars. Using the assumption of small θ i and i φ , the constraint in the motion of t i is given by Eq. 13, which is used as the boundary condition with the governing differential equations given above. By solving these equations we can get an estimate of the electric field generated and the electric current passing through the load resistance. These issues are addressed in the next Sections.
V. Reduced Basis Analysis of the Structure
The nonlinear equations of motion given by Eqs. 46, 47, and 48 can be written in linearized form as: 
, ,
m xy p p xx xy 
The boundary conditions remain the same as mentioned in the previous section. The linearized equations were solved using the finite element method to obtain the mode shapes and corresponding natural frequencies. The four noded membrane element described in Section IV (see Fig. 5 ) was used. The mode shape vector ψ i obtained from the finite element analysis has 3N components where N is the total number of nodes in the discretized model. The first N elements represent displacements along X, next N elements displacements along Y, the last N elements displacements along Z. Accordingly, ψ i can be decomposed into 3 vectors, ψ ui , ψ vi , ψ wi , respectively. Note that because of the coupling between the in-plane displacements and the out of plane displacement component, a weak coupling between the in-plane and out of plane modes was observed.
The first three modes obtained are shown in Figs. 11 to 13. The corresponding natural frequencies are 95.8 Hz, 124.69 Hz, and 126.43 Hz. Here, the first mode means the mode with the lowest natural frequency. To test the efficiency of our MATLAB based modal analysis program, we performed a modal analysis of the prestressed membrane that we used to compare our results with ABAQUS in the previous section. The terms that represent the contributions from the rigid bars and vertical tendons were dropped and all the displacement components at the four corners were assumed to be zero. So, effectively we considered a prestressed membrane having its four corners restrained. Modal analysis of the same structure was performed using ABAQUS. The comparison of the first two natural frequencies and the corresponding mode shapes obtained from our MATLAB based reduced-basis code with those obtained from ABAQUS is given in Figs. 14 and 15. These Figures indicate very good agreement between our result and the result from ABAQUS. 
VI. Solution Using Reduced Basis
According to the reduced basis method 32 , the displacement components u, v, w can be approximated as a superposition of N mode shapes of the vibration as basis functions in the following way: Since we assume E z to be constant throughout the PVDF patch, we can approximate E z as:
where the value of η is 1 in the domain of the patch, Ω P , and 0 elsewhere. In these equations, the functions a i (t) and b(t) are unknown functions that depend on the applied pressure. The solution method proceeds as follows. First, the approximations of u, v, and w , (i.e. Eqs. 55-57), all of the derivatives of u, v, and w, and the terms N xx , N xy , N yy are expressed in terms of a i (t), ψ ui , ψ vi , ψ wi , and b(t) and η.
Then, the expressions thus obtained for u,v,w, their derivatives, and N xx , N xy , N yy in terms of a i (t), ψ ui , ψ vi , ψ wi  (i=1,..,N) , b(t) and η are inserted into Eqs. 46-48 and the Galerkin technique is applied using the modes as the basis functions. To account for damping effects, a Rayleigh damping term which is proportional to the mass matrix is added to the equations. We remark at this point that the inherent damping in the structure dissipates energy, so the exclusion of a damping term can predict significantly more amount of harvested energy 33 . At the end of this process we obtain a set of N coupled nonlinear ordinary differential equations. The i-th equation of this system is written as
Here ξ is the Rayliegh damping factor, which for numerical calculations was assumed a value of 0.2, 
, , 
The resulting set of N+1 coupled nonlinear ordinary differential equations given by Eqs. 59 and 60, was then numerically solved using the ODE45 solver in MATLAB for the unknown functions a i (t) (i=1,...,N) and b(t). After that, substituting b(t) in Eq. 58, E z was obtained and by dividing and by dividing the potential difference V z =hE z by R l , the electrical current through the load resistance was calculated. In order to estimate the influence of the number of modes on the accuracy of the electrical current estimation we first solved the problem considering the first mode only. After that, we solved the problem considering the first two modes and next the first three modes. Figure 16 shows the comparison of the variation of the electrical current through the load resistance obtained using different number of modes. From this figure, it can be concluded that the results obtained using only the first mode match satisfactorily with the results obtained using the higher number of modes. Therefore, further studies were carried out using only the first mode.
From the electrical current, the amount of electrical energy that can be harvested in t seconds, can be calculated as:
In the present example, the amount of energy harvested in one second was 3.74×10 -6 J for a load resistance R l =50kΩ.
Fig 16: Variation of the electric current through the load resistance with time
To verify our MATLAB-based code to determine the dynamic response using the reduced basis, we analyzed the response of the prestressed membrane having four edges restrained. These results were used for the verification of our reduced basis technique in Section V. Figure 17 shows the variation of voltage across the two ends of the patch obtained using our MATLAB-based code and using ABAQUS for the same transverse pressure considered above. It is clear from this figure that our finite element code and ABAQUS give practically identical solutions for the output voltage. 
VII. Parameter Optimization to Maximize the Harvested Energy
It is clear from the previous discusion that the intensity of the electric current generated depends on several parameters that can be used to maximize the amount of energy harvested. In this section we employ the following parameters for the maximization of this energy: 1) the location of the PVDF patch, 2) the rest lengths of the vertical tendons, and 3) the rest dimensions of the membrane. In order to evaluate the influence of different optimization variables, several optimization problems were formulated which all had in common the fact that the objective function was the same, namely the amount of energy harvested in one second, but which differed in the set of design variables that was used for optimization. Specifically this set ranged from the location of one PVDF patch to including all of the parameters mentioned in 1), 2), 3) above. In order to solve these optimization problems the genetic algorithm toolbox in MATLAB was used. We remark that these are numerically intensive optimization problems because any change in the design variable leads to a new prestressed configuration. Hence, while calculating the objective function for each combination of the design variables during optimization, the prestressed configuration is determined, modal analysis is performed, and the harvested electric energy is calculated.
For the first, simplest optimization problem, we assumed that the membrane has only one PVDF patch and treated the coordinates of the two opposite corners of the PVDF patch as the design variables. The optimization problem was then solved using as an initial guess the location of the patch used in Sections III-VI. All the other values for the structure's parameters are given in Table 1 , Section II. The resulting optimum location for the PVDF patch is showed in Fig. 18 . The amount of energy that can be harvested in one second was 4.83×10 -6 J as compared to 3.74×10 -6 J obtained without optimization. We note that in this case the optimization does not result in a significant improvement in the value of the energy harvested with respect to the initial, not optimized structure. A physics based explanation of this fact is that the initial location of the patch was near the membrane edge where the values of strain components are expected to be high. Therefore, the mechanical energy carried by the membrane at that location of the patch (i.e. the mechanical energy density at the non-optimized patch location), and thus the energy that can be harvested, is expected to be high with respect to other patch locations (e.g. close to the center of the membrane). Then, after solving the optimization problem, we obtained an optimal patch location that is also near the membrane's edge (see Fig. 18 ), which confirms our physics based explanation regarding the fact that the mechanical energy density is higher near the membrane's edge. Another explanation is algorithmic based, in the sense that the optimization algorithm selects a location close to the intial guess location. However, our numerical experiments indicated that if the patch is placed close to the center of the membrane the energy harvested is much smaller than if placed near its edge. This observation prompted us towards the optimization problems discussed in the following. For the next optimization problem, the membrane was assumed to have two PVDF patches of the same size as given in Table 1 of Section II. The parameters of the structure were all the same as in the first optimization problem described in the previous paragraph. Therefore, the second optimization problem is meant to evaluate the improvement in the harvested energy when the number of patches varies. Optimization was performed using the coordinates of the two opposite corners of both patches as the design variables. The initial locations of the centers of the two patches were given by (0.3, 0.09) m and (0.3, 0.51) m. Figure 19 shows the optimum location of the two patches that have been obtained using the MATLAB genetic algorithm optimization toolbox. The maximum energy that can be harvested in one second for these locations was 8.49×10 -6 J. We remark that the increase in energy harvested is this time significant: compared to the first optimization problem's solution the energy harvested almost doubled. We also note that the optimal locations are near the edges of the membrane, in line with our rationale about mechanical energy distribution across the membrane. For the last optimization problem considered in this article, we also assumed the membrane to have two transducers but more optimization variables were considered. Specifically, coordinates of the two opposite corners of both transducers, tendon rest lengths and rest dimensions of the membrane were all treated as optimization variables. As in all of the previous studies, to facilitate symmetrical configurations of the structure, the rest lengths of all tendons were assumed to be the same and the membrane was assumed to be square. The initial guess of the optimization process corresponded to locations of the two patches given by (0.12, 0.06) m and (0.48, 0.54) m i.e. the locations obtained from the second optimization problem, while the rest-length for all tendons was 0.6 m and the rest-dimension of the membrane (i.e. its edge length) was 0.6 m (see also Table 1 ). The optimum rest length for all tendons was found to be 0.57 m, the optimum rest-length dimension of the membrane was 0.64 m, while the transducers placed at the optimum location are shown in Fig. 20 . The amount of energy that can be harvested in one second was found to be 8.54×10 -5 J (or equivalently, after dividing through by the area of the membrane, 209 µJ/m 2 /s). Therefore, compared to the result of the second optimization problem we obtained a dramatic considerable improvement, of approximately 10 times more harvested energy.
The results of these three optimization problems, prompt us to conclude that, in order to achieve substantial improvement in the energy that can be harvested, future studies should focus on large scale discrete-continous optimization. In these studies, the number of patches, their locations, their size, as well as other variables, such as membrane and tendon dimensions along with material properties should be involved as optimization variables. 
VIII. Conclusions
An energy harvesting system that harvests energy from the vibration of a membrane attached to a tensegrity structure using PVDF transducers has been proposed and investigated. By minimizing the total potential energy of the structure a stable prestressed equilibrium configuration of the structure has been obtained. While calculating the total potential energy of the structure, the strain energy of the tendons has been calculated using analytical expressions and the strain energy of the membrane has been calculated using the finite element method. Next, the nonlinear partial differential equations governing the dynamic behavior of the structure under transverse dynamic pressure have been derived. By linearizing these equations about the stable equilibrium, the natural frequencies and corresponding vibration modes of the structure have been obtained using the finite element method. Next, using the mode shapes as Ritz vectors in a reduced-basis method, the dynamic response of the structure has been found. Using this analysis framework, a parametric study has been performed to analyze the influence of the PVDF patch location and rest dimensions of the tendons and the membrane on the amount of energy that can be harvested given a certain loading condition. Optimum values of the above mentioned parameters have been determined to maximize the energy that can be harvested. The maximum improvement in the energy harvested has been obtained when all optimization parameters have been used, which indicate that, for further significant energy maximization, studies should focus on large scale discrete-continous optimization problems. This article provides a framework for the design of a nonlinear energy harvesting systems based on membranes attached to tensegrity structures. Depending on the amount of the required power and constraints (such as size, shape), one can select the parameters and optimize them for the best design.
